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ABSTRACT
The gravitational lens SDSS J1148+1930, also known as the Cosmic Horseshoe, is one
of the biggest and of the most detailed Einstein rings ever observed. We use the forward
reconstruction method implemented in the lens fitting code Lensed to investigate with
great detail the properties of the lens and of the background source. We model the
lens with different mass distributions, focusing in particular on the determination of
the slope of the dark matter component. The inherent degeneracy between the lens
slope and the source size can be broken when we can isolate separate components
of each lensed image, as in this case. For an elliptical power law model, κ(r) ∼ r−t,
the results favour a flatter-than-isothermal slope with a maximum-likelihood value
t = 0.08. Instead, when we consider the contribution of the baryonic matter separately,
the maximum-likelihood value of the slope of the dark matter component is t = 0.31
or t = 0.44, depending on the assumed Initial Mass Function. We discuss the origin
of this result by analysing in detail how the images and the sources change when the
slope t changes. We also demonstrate that these slope values at the Einstein radius
are not inconsistent with recent forecast from the theory of structure formation in the
ΛCDM model.
Key words: gravitational lensing: strong – galaxies: individual: Cosmic Horseshoe –
galaxies: structure – dark matter
1 INTRODUCTION
The slope of the mass distribution within galaxy halos has
been a long-standing prediction of the ΛCDM model since
Navarro, Frenk & White (1997, NFW) found that the halos
in collisionless dark matter N -body simulations follow a uni-
versal average profile. There have been small modifications
(Navarro et al. 2004), but it remains a robust prediction of
the model today. Measuring this slope from observations has
proven very difficult owing to the need for some clear tracer
of the density and accurate predictions for the behaviour of
baryons within galaxies (Pontzen & Governato 2014).
At large radii, the NFW prediction is consistent with
weak galaxy-galaxy lensing studies (Mandelbaum et al.
2008). Here the tangential shearing of background galax-
ies is correlated with their proximity to foreground galaxies.
Statistically the large radius behavior ρ ∝ r−3 is found. At
small radii there are fewer chance alignments and the lens-
ing begins to cause nonlinear distortions to the images. Here
averaging the distortion from many lenses fails to provide
meaningful statistical constraints on the mass distribution.
Instead lens models need to be fit to each lenses separately.
Strong gravitational lens modeling provides a unique
way of probing the inner regions of dark matter halos, but
it is encumbered by a near degeneracy that makes it very
difficult to measure the slope of the dark matter profile us-
ing lensing data alone. In most cases, an Einstein ring (a
galaxy image distorted into a partial or total ring around
the center of a lens galaxy) provides a very good measure
of the total mass within the ring, but does not constrain
the slope of the mass profile at the ring. Recent studies have
combined dynamical measures of the mass within the visible
lens galaxy with lensing data (Auger et al. 2010; Oguri et al.
2014). In this way a single power-law density model can be
fit to the total mass, dark matter and baryons. These studies
have found that the total mass is well fit by an isothermal
profile (ρ ∝ r−2) out to several effective radii. Stellar pop-
ulation synthesis modeling is typically too uncertain to put
strong independent constraints on the mass in stars (Leier
et al. 2016). In one unique case on galactic scales, SDSS
J0946+1006 (Gavazzi et al. 2008), the existence of two Ein-
stein rings makes it in principle possible to constrain a two
component model to the lens (Sonnenfeld et al. 2012). Even
in this case however, it is not clear if the contributions from
stars and dark matter can be so easily separated.
The mass profile of nearby elliptical galaxies has also
been constrained through pure dynamical modelling, with
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the conclusion that the total mass profile is close to isother-
mal within 4 effective radii, with some scatter in the slope
(Chae et al. 2014; Cappellari et al. 2015). This is generally in
agreement with the combined dynamics and lensing results.
Another approach has been to study the rotation curve
of gas in dwarf galaxies that are believed to be dark matter
dominated (e.g. Burkert 1995; Gilmore et al. 2007). These
studies show some evidence of a maximum density in the
core of dark matter halos. There have also been several stud-
ies that have constrained the slope of the mass profile using
strong gravitational lensing and dynamics on galaxy cluster
scales. These studies have indicated that the dark matter
profile has a core in clusters at radii <∼ 30 kpc (Sand et al.
2002; Newman et al. 2013). The existence and physical origin
of such a core in the dark matter profile remains uncertain
(Jing & Suto 2000; Dalcanton & Hogan 2001; Weinberg et al.
2015; Laporte & White 2015).
In this paper, we seek to constrain the slope of the dark
matter profile at the Einstein ring radius where the projected
surface density is highly dark matter dominated using de-
tailed strong lensing modeling alone. It has long been known
that this is very difficult because changing the slope of the
density is nearly degenerate with the total magnification of
the source which cannot be determined independently. How-
ever, as will be discussed below, it is possible to measure the
slope using the relative radial magnifications of multiple re-
solved images, as pointed out by Suyu (2012). Schneider &
Sluse (2014) have shown that degeneracies exist that make
it nearly impossible to measure the radial slope in the gen-
eral case. However, if the space of lens models is restricted
to one particular class, for example power-law profiles with
elliptical symmetry, such a measurement is possible, as we
will demonstrate.
A related point is that the magnification of the source
is dependent on the slope of the mass profile at the Ein-
stein radius and not the average slope within that radius.
As a result using a isothermal model when investigating the
properties of the source might lead to significant errors. We
investigate this further in Section 5.1.
This paper is organised as follows. The next Section de-
scribes the data and the object used in this study. Section 3
has a description of the method used to model the lens. In
Section 4 we present the results of the modelling procedure
for the source and lens model. We discuss the implications of
these results in Section 5 in terms of the limitations of lens
modeling, the CDM model and in comparison with previous
results. The paper is concluded in Section 6 with a summary
of the main results.
When necessary, we use a ΛCDM cosmology with
ΩM = 0.3, ΩΛ = 0.7, and h = 0.7.
2 DATA
The Cosmic Horseshoe was discovered by Belokurov et al.
(2007) while searching the Sloan Digital Sky Survey
(SDSS) for luminous red galaxies with multiple faint
blue companions. The centre of the lens galaxy lies at
(11h48m33s.15, 19◦30′3′′.5). The lens system features a
nearly complete Einstein ring (∼ 300◦) with a very large
diameter (∼ 10′′), which corresponds to an enclosed mass of
∼ 5.0 × 1012 M (Dye et al. 2008). This makes this object
one of the most massive lens galaxies ever observed. Follow-
up spectroscopic analysis revealed the redshift of the lens
and the source to be 0.444 and 2.381, respectively (Quider
et al. 2009).
The data we analyse in this work is taken from HST
observations with the Wide Field Camera under proposal
11602 and is freely available from the Hubble Legacy Archive
1. In particular, we use the image in the F475W band, which
is the one with the best trade-off between angular resolu-
tion (0.04 arcsec after drizzling) and separation of the back-
ground object from the lens galaxy emission. The resulting
image, which is shown in the top panel of Fig. 1 is a com-
bination of 6 exposures, for a total observing time equal to
5454 secs. We used Tiny Tim 2 (Krist et al. 2011) to obtain
a model for the point-spread function.
3 METHOD
3.1 Algorithm
The lens modelling analysis has been carried out with the
Lensed code, described in detail in Tessore, Bellagamba &
Metcalf (2015). It is a new implementation of the forward re-
construction method, which takes advantage of a massively
parallel ray-tracing kernel to perform the necessary calcu-
lations on a modern graphics processing unit (GPU) where
available, or a traditional CPU. We summarise the algorithm
here.
Given an image to be analysed and a parametric model
of choice, Lensed makes use of the Nested Sampling algo-
rithm implemented in MultiNest (Feroz & Hobson 2008;
Feroz et al. 2009, 2013) to explore the parameter space of
the model for user-defined priors. For each set of parame-
ters, the image is simulated by numerical integration of the
deflected surface brightness distribution of the background
sources. Foreground objects such as the lens galaxy can be
simulated as well and their parameters simultaneously recov-
ered. The model image can additionally be smoothed with
the PSF of the observation. Then the likelihood P of the
data d given the model parameters ξ is computed by com-
paring the real and model image on a pixel-by-pixel basis
through the usual χ2 term
logP (d | ξ) = −1
2
N∑
i=1
(di −mi)2
s2i
, (1)
where the sum runs over the N pixels of the image, mi is
the i-th pixel of the mock image and s2i is the variance of
the data for the same pixel. The posterior distribution of the
parameters is then computed by use of Bayes’ theorem
P (ξ | d) = P (d | ξ)P (ξ)
P (d)
, (2)
where P (ξ) is the chosen prior probability of the set of pa-
rameters, which can take into account any previous knowl-
edge about their distribution, e.g. luminosity function and
1 http://hla.stsci.edu
2 http://tinytim.stsci.edu
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Figure 1. Top panel: Image of the Cosmic Horseshoe in the F475W band, with north up and east left. Bottom panel: Maximum-likelihood
model images and residuals for three models presented in this paper: SIE with 1 source (left), SIE with 5 sources (centre), EPL with 5
sources (right) . The residuals show the relative error (model-data)/data.
MNRAS 000, 1–13 (2016)
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ellipticity distribution for the background sources, or mass-
to-light ratio for a given kind of galaxy. The constant of
normalisation P (d) is the Bayesian evidence
P (d) =
∫
P (d | ξ)P (ξ)dξ . (3)
The scheme described above is straightforward and
broadly applicable. Lensed’s use of GPU computation and
the efficient sampling technique make it robust and virtually
free of parameter tuning by the user. Here we list some of
the features which are particularly relevant for the analysis
presented in this paper:
• The parameter space is fully explored without any ini-
tial guess from the user except the selection of the priors.
As the posterior might have multiple modes, this capability
prevents biases in the results arising from user prejudice.
• The output contains the full posterior probability distri-
bution, not only the set of maximum-likelihood parameters.
This allows us to analyse potentially multiple solutions and
correlations between the parameters.
• The code is well-suited for as many as ∼ 60 parame-
ters. This turns out to be necessary in order to describe the
source and lens configuration of the complicated observation
considered here with reasonable precision.
• Due to the speed of GPU calculation, it is very fast as
well as very accurate in simulating the model images. This
allows us to work with the original image at full resolution,
and to sample the parameter space at the necessary density.
• The model configuration is very flexible. We can build
the desired model starting from a simple one and subse-
quently add components to the lens and the source as we
better understand the nature of the objects.
3.2 Lens models
In our reconstructions, the mass distribution of the lens is
described by a number of different analytical models. The
simplest lens model we consider is the singular isothermal el-
lipsoid (SIE), for which the dimensionless surface mass den-
sity (convergence) κ is given by
κ(R) =
1
2
b
R
, (4)
where b is a scale radius and R is the elliptical radius defined
by
R =
√
x2q + y2/q, (5)
in coordinates where the major axis and minor axis of the
ellipse coincide with the x-axis and y-axis of the coordinate
system, respectively, and 0 < q < 1 is the axis ratio. In the
spherical limit q = 1, the parameter b is the Einstein radius
of the lens. See Kormann et al. (1994) for a detailed analysis
of the lensing properties of this model.
We also use an elliptical power law (EPL) lens model,
which is generalisation of the SIE model where the radial
slope t of the mass distribution is an additional parameter.
It has the surface density
κ(R) =
2− t
2
(
b
R
)t
, (6)
where the slope t falls into the range 0 < t < 2, and the
case t = 1 recovers the SIE profile. The normalisation is cho-
sen so that b retains its meaning as the approximate Einstein
radius of the lens, in the sense that an ellipse with elliptical
radius R = b contains mass pi b2, independent of the choice
of q and t. Unlike a SIE, this model does not admit an ana-
lytical expression for the deflection angle. Instead, we follow
the approach of Tessore & Metcalf (2015) for the efficient
numerical calculation of the required quantities.
When we want to account for the mass distribution
of the stellar component, we employ the Hernquist (1990)
model, with surface mass density
κ(x) =
κs
(x2 − 1)2 [(2 + x
2)f(x)− 3], (7)
where
f(x) =

arctan
√
x2 − 1√
x2 − 1 if x > 1
arctanh
√
1− x2√
1− x2 if x < 1
1 if x = 1
(8)
and x is the (circular) radius in units of the scale radius rs.
This mass distribution is commonly used to approximate
the 3-d properties of the light distribution of de Vaucouleurs
(1948), which is typical of early-type galaxies.
We further add to the lens models an external shear
component γ = (γ1, γ2), which accounts for shear contribu-
tion from the mass distribution outside the main lens. The
shear component γ1 is aligned with the x-axis of the image,
while γ2 is rotated by 45
◦ counter-clockwise.
3.3 Source models
Ideally, in a parametric method, one would like to use a
simple yet realistic and complete model for the background
source. Simplicity is desired because as the number of model
parameters increases, the problem becomes more and more
computationally difficult. While the flux distribution of some
types of galaxies (e.g. early-type ellipticals) can be described
analytically with good precision, many galaxies at high red-
shift exhibit an irregular morphology which precludes a sim-
ple representation. Moreover, the common observation of
interacting and merging galaxies makes it difficult to dis-
cern unambiguously between a single object with complex
morphology and a close group of possibly interacting galax-
ies. This fact becomes even more problematic when deal-
ing with highly gravitationally magnified images where the
multi-component morphology of the background source is
clearly visible.
In order to overcome this problem and, at the same
time, not be limited in the lens reconstruction by an un-
satisfactory modelling of the source, we start from a simple
one-component Se´rsic profile, and we subsequently increase
the number of Se´rsic components until two conditions are
met: the lens parameters no longer change significantly, and
there are no image components clearly unresolved by our
reconstruction. Although the source configuration resulting
from this procedure may not be physically motivated, we
achieve a reasonably elastic description of the source bright-
ness distribution, as each new component can reproduce one
MNRAS 000, 1–13 (2016)
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Figure 2. Zoom on the bottom-left image of the system shown
in Fig. 1. The contours show the brightness distribution of the
maximum-likelihood model images for the SIE model using 1
background source component (red) and 5 background source
components (blue).
of the blobs observed in the multiple images. At the same
time, the fact that we are using a parametric model allows
us to measure directly the properties of each single compo-
nent, as well as derive some global quantities, such as e.g.
the total flux.
We also model the lens galaxy with a Se´rsic profile,
leaving the center as a free parameter, i.e. we do not force
the mass and the light to be perfectly aligned. In many
galaxy-galaxy strong lenses, accurate modelling of the cen-
tral galaxy is required, because its light overlaps signifi-
cantly with the lensed background images. In contrast to
other methods which subtract the host galaxy in a separate
preliminary step (Bolton et al. 2006; Marshall et al. 2007),
Lensed optimises the parameters of the host galaxy light at
the same time as the lens mass and the background light.
We note that in the case of the object analysed in this pa-
per, this is not a critical task, because the lensed images
appear at positions where the light coming from the lens
galaxy is negligible, at least in the band we have chosen for
our analysis.
4 RESULTS
4.1 Determining the number of source
components
We apply the procedure described in Section 3.3 to the sim-
plest lens model we consider, the singular isothermal ellip-
soid with external shear. In the left bottom panel of Fig. 1
we show the resulting image and residuals for the model
with one Se´rsic source component. We note that even with
this simple model, we recover the global shape of the ring,
although the complex details of the arc are not reproduced.
This smooth model visually resembles the ground-based ob-
servations at lower resolution shown by Belokurov et al.
(2007) and Dye et al. (2008), and a single source compo-
nent would likely be sufficient to reconstruct these images.
In the HST observations we are considering, many sub-
images are clearly visible, and a smooth single-component
model cannot be considered satisfactory, because the visible
sub-structure of the arcs presents additional information to
reconstruct the lens parameters. For this reason, we subse-
quently increase the number of background source compo-
nents until all the major features of the image are repro-
duced and the lens parameters do not change significantly
anymore. In Fig. 2 one of the images is highlighted and it
is shown how the surface brightness contours change when
additional sources are added. It is clearly visible that the
different components are optimised to recover the visible
sub-structure in the image, as far as compatible with the
limitations of the simple lens model.
For the rest of the paper, we will present results for
5 background source components, because this is the mini-
mum number required to reproduce the main features of the
arcs. This can be seen in the central bottom panel of Fig. 1,
where we show the reconstructed image with an SIE lens
and 5 sources. Comparing it with the top panel of the same
figure, we see that all the major components of the image
are reproduced. As shown in Fig. 3, the lens parameters tend
to converge as the number of sources increases and are prac-
tically stable for ≥ 4 source components. We checked that
the same argument is valid for all the lens models presented
in the following sections.
4.2 Constraining the slope of the mass
distribution
We use the EPL model described in Section 3.2. With re-
spect to the results presented in Section 4.1, there is an
additional free parameter, which is the slope t of the mass
distribution. The bottom-right panel of Fig. 1 shows the
maximum-likelihood EPL+γ model. Table 1 shows a com-
parison of the lens parameters between EPL models with
free parameter t and a number of special cases with fixed
values of t. Here and in the following, we do not quote the
resulting values for the center of the lens, which is always
well aligned with the centroid of the light distribution, with
a typical offset between 2 and 4 pixels (0.08 to 0.16 arc-
sec). From the likelihood values in Table 1, we see that the
model becomes less likely as the slope t increases. The pre-
ferred slope is extremely flat, with a mean posterior value
of t = 0.082. In order to better understand the origin of
this value, we show the comparison between the image dis-
tributions of the maximum-likelihood EPL model and the
SIE model in Fig. 4. The main difference between the two
models is the position of the image B1. In Section 5.1, we
will investigate the physical origin of the preference for a
flatter-than-isothermal slope.
In Fig. 5 we show the source plane configurations for
the two models, and Fig. 6 shows the images that corre-
spond to the different source components. For simplicity we
use only the preferred EPL+γ model, but the geometry of
the images for other models is very similar, as one expects
given the similar source positions relative to the caustics.
From the separate images, it is possible to appreciate how
the apparent three-image configuration is actually made up
of source components with different multiplicities on the im-
age plane. Please note that the numbering of the sources is
totally arbitrary, and it does not reflect any specific ranking.
MNRAS 000, 1–13 (2016)
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Figure 3. Different lens parameters for the SIE+γ model as a function of the number of background sources.
Table 1. Lens parameters for different slopes of the mass profile. The SIE case is t = 1. All models were constructed with 5 Se´rsic
sources. The position angle (P.A.) indicates the direction of the major axis of the elliptical lens, measured east of north.
prior on t t b (arcsec) q P.A. γ1 γ2 logP (d | ξ)
0 < t < 2 0.0821± 0.0017 5.1563± 0.0003 0.8901± 0.0004 24.4± 0.1 0.0384± 0.0002 0.0376± 0.0002 −147 690
fixed 0.5 5.1426± 0.0003 0.8742± 0.0006 24.3± 0.1 0.0438± 0.0003 0.0107± 0.0002 −148 426
fixed 1.0 5.1331± 0.0003 0.8279± 0.0006 23.4± 0.1 0.0539± 0.0002 −0.0192± 0.0002 −149 556
fixed 1.5 5.1213± 0.0002 0.7394± 0.0008 22.5± 0.1 0.0587± 0.0001 −0.0528± 0.0001 −150 915
The width of the posterior distribution of the EPL
model obtained by the algorithm is very small, with a stan-
dard deviation for the slope t of order σt ∼ 10−3. Since this
is a statistical constraint derived under the assumption that
the assumed model is in fact the true one, care must be taken
when interpreting this result as the uncertainty on the slope
of the real mass distribution, which almost certainly does
not follow a perfectly elliptical power law profile. In order
to give a broader meaning to the parameters, i.e. by inter-
preting t as the mean slope of the lens mass distribution, it
is necessary to add a model uncertainty to the error given
by the algorithm.
However, the observable mismatch between the best SIE
model and the image configuration, visible in the position of
the B1 image in Fig. 4, makes us believe that the isothermal
profile is excluded with a high degree of confidence. Also,
this kind of positional mismatch cannot be attributed to
any particular choice of ours in the source model or config-
uration.
4.3 Two-component mass model
We now try and distinguish between the mass distribution
of the baryonic component of the lens galaxy and the dark
matter profile. As detailed in Section 3.2, we model the stars
with a Hernquist distribution, a convenient approximation of
the de Vaucouleurs profile for ray-tracing calculations (see
Hernquist 1990). This assumption is acceptable given the
parameters we find for the lens light profile (Se´rsic index n ∼
4). The centre of the lens galaxy is fixed to the center of the
light distribution, the scale radius rs is by construction set
to 0.5509×Reff of the Se´rsic profile (Kochanek et al. 2004).
The only free parameter is then the convergence scale κs,
MNRAS 000, 1–13 (2016)
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Figure 4. Zoom on the three images of the system: A on the top left, B on the bottom left, C on the right. The contours show the
brightness distribution of the images for the maximum-likelihood EPL (red) and SIE (blue) models with 5 source components. The
numbers refer to the source components shown in Fig. 5.
Figure 5. Sources and caustic for two different mass models: on the left the maximum-likelihood SIE+γ, and on the right the maximum-
likelihood EPL+γ with slope t = 0.082. The numbers on the axis show the positions with respect to the lens center in kpc. The border
and the caustics of the right panel are reproduced in red inside the left panel in order to highlight the different scale of the two figures.
MNRAS 000, 1–13 (2016)
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Figure 6. Images of the different source components for the maximum-likelihood EPL+γ model. The corresponding appearence on the
source plane can be seen in Fig. (5). The critical lines are marked in red.
which is defined by
κs =
M?
2pir2sΣcrit
, (9)
where M? is the total mass in stars. In order to find a re-
alistic range for its prior, we take the stellar mass fractions
estimated by Spiniello et al. (2011) for different initial mass
functions (IMFs). In fact, one can rewrite Eq. (9) as
κs =
f?ME(1 + δ)
2pir2sΣcrit
, (10)
where f? and ME are the stellar mass fraction and the mass
of the lens inside the Einstein radius, respectively, and δ cor-
rects for the fact that the stellar mass profile extends well
outside the Einstein radius RE . Spiniello et al. (2011) esti-
mated RE = 2.5 Reff, which means an estimated 28.5% of
the stellar mass is outside the Einstein radius. Among the
IMFs considered by Spiniello et al. (2011), we choose those
which were not shown to be in disagreement with the kine-
matic data: Chabrier and Salpeter. We then perform the lens
analysis with a two-component lens, with a fixed Hernquist
model representing the stellar component in addition to the
EPL model for the dark matter distribution. The results are
shown in Table 2. We note that the slope t for the EPL
models derived in this case are less extreme than the one we
obtain for a model with a single lens component. We also
tried to get an independent constraint on the normalisation
of the Hernquist component by leaving κs as a free parame-
ter, but in this case the preferred model is the one with the
lowest possible κs in our prior, an indication that there is
no need for a two-component system to explain the lensing
observables. This is not surprising, since the region probed
by the lensed images covers a small range in radius where
the stellar density is very low, as can be seen from Figure 7.
5 DISCUSSION
5.1 Degeneracy between lens slope and source size
As shown in Fig. 5, the source configurations and the caus-
tics for the different mass models are very similar, except
for a scaling of their size which depends on the slope t. This
is a consequence of a transformation between models with
different slopes, which is analogous to the well-known mass-
sheet transformation (MST, see Falco, Gorenstein & Shapiro
1985). The MST produces indistinguishable lensing observ-
ables if the surface density of the lens is changed as
κ′(θ) = λκ(θ) + (1− λ) (11)
while the coordinates on the source plane are scaled as
β′ = λβ, (12)
where θ and β are the angles on the image and source plane,
respectively. Here and in the following, the lens is assumed
to have circular symmetry, although the MST is valid in the
general case. Under a MST, the deflection angle α transforms
MNRAS 000, 1–13 (2016)
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Table 2. Lens parameters for the two-component model: κs is the fixed normalisation of the Hernquist model for each considered IMF,
the other parameters refer to the EPL dark matter distribution. All models were constructed with 5 Se´rsic sources.
IMF κs b (arcsec) t q P.A. γ1 γ2
Chabrier 0.9040 4.215 ± 0.018 0.311 ± 0.007 0.8380 ± 0.0009 23.9 ± 0.1 0.0555 ± 0.0004 0.0303 ± 0.0007
Salpeter 2.1954 3.581 ± 0.025 0.437 ± 0.009 0.7915 ± 0.0014 23.3 ± 0.1 0.0669 ± 0.0006 0.0227 ± 0.0010
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Figure 7. Profile of the projected mass density profile for the
different mass components in units of the critical density Σcrit.
The models with the Salpeter and Chabrier IMFs are marked
with solid and dashed lines, respectively. In each case, the blue line
represents the dark matter component, and the red line represents
the stellar component. The vertical black line marks the Einstein
radius of the object.
as
α′(θ) = λα(θ) + (1− λ)θ (13)
The transformation between power-law models does not
follow this relation, but we now show that when only a small
range in the radial distance from the centre of the source is
concerned, it can be approximated by a MST. In the circu-
larly symmetric case, the deflection angle of the EPL lens is
α(θ) = b
(
θ
b
)1−t
. (14)
This can be expanded to first order around θ = b as
α(θ) ∼ b
[
1 + (1− t)θ − b
b
]
. (15)
For two different density slopes t1 and t2, the respective
deflection angles α1 and α2 at the same angle θ from the
centre are related by
α2(θ) =
t2
t1
α1(θ) +
(
1− t2
t1
)
θ, (16)
which is the MST in Eq. (13) with parameter λ = t2/t1. The
magnifications for the two lenses are related as
µ2(θ) =
t1
t2
µ1(θ). (17)
In our case, due to the presence of elliptical mass distri-
butions and external shear, the relation between the differ-
ent deflection angles is not exactly Eq. (16), but this re-
lation describes in a simplified form what can be observed
Figure 8. Two-image lens system from a circularly symmetric
lens mass distribution. Upper panel : θA is inside the Einstein
ring, θB is outside the Einstein ring. The distances of the two
images from the Einstein ring are dA and dB , respectively. Lower
panel : Each image is now subdivided into two components. The
distances between the components are ∆A and ∆B , respectively.
in our reconstructions when we change the density slope t.
In fact, the source morphology in the preferred EPL model
closely resembles a scaled version of the morphology in the
preferred SIE model, as shown in Fig. 5. This is in good
agreement with the transformation described by Eq. (12),
even though ellipticity and external shear are present in
our reconstruction. Estimating the source size from the dis-
tance between source components 1 and 5 (cf. Fig. 5), we
estimate a scaling factor of 11.88, very close to the ratio
tSIE/tEPL = 12.18 between the slopes. For the same reason,
there is a difference in magnitude of 5.394 between the two
sources, which corresponds to a luminosity ratio of ∼143.8,
very close to 12.182 = 148.35.
Nevertheless, this degeneracy for power-law models is
not complete, and this fact allows the measurement pre-
sented in Section 4.2. Continuing the same argument, one
can further expand Eq. (14) to second order, for two images
(θA, θB) of the same source located on opposite sides of the
center of the lens, just inside and just outside the Einstein
ring (see Fig. 8, top panel). The respective deflection angles
for θA and θB are, to second order,
α(θA) ∼ b
[
−1 + (1− t)θA + b
b
+
t(1− t)
2
(
θA + b
b
)2]
,
(18)
α(θB) ∼ b
[
1 + (1− t)θB − b
b
− t(1− t)
2
(
θB − b
b
)2]
. (19)
Defining dB = θB − b and dA = θA − (−b) = θA + b as the
distances of the images from the Einstein ring, and identify-
ing the source plane position for the two images, we obtain
dA − dB = 1− t
2b
(d2A + d
2
B), (20)
where it is clear that dA > dB for t < 1 and dA < dB for
t > 1. For a lens that is flatter than isothermal (t < 1),
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the internal image is more distant from the Einstein ring
than the external one, and the opposite is true if the lens
is steeper than isothermal (t > 1). However, the distance
from the Einstein radius in a two-image systems is not an
observable, so this result cannot be used to constrain the
slope of the lens.
On the other hand, if instead of a single source, we
have two distinct sources (or source components) 1 and 2,
the distances between the pairs of images are observable. We
name the two images inside the Einstein radius θA1 and θA2,
and the two images outside the Einstein radius θB! and θB2.
The resulting configuration is the one of Figure 8, in the
bottom panel. We can then write the analogue of Eq. (20)
for both sources. Subtracting one from the other, we obtain
∆A −∆B = 1− t
2b
(d2A2 + d
2
B2 − d2A1 − d2B1), (21)
where ∆A = θA2 − θA1, ∆B = θB2 − θB1, and the term in
parentheses is by construction positive since dA2 > dA1 and
dB2 > dB1. Therefore, we find that the distance between the
components in the image inside the Einstein ring is larger
than outside for t < 1, and smaller for t > 1. This result
agrees qualitatively with Fig. 4 of Suyu (2012), which was
obtained through numerical solution of the lens equations.
Although the case we are examining is complicated by
the presence of ellipticity and external shear, the result of
our analysis has the same theoretical origin. The constraint
on the slope derives from the relative positions (cf. Figs. 4,
5, 6) of source components 1 and 4 in images B (inside the
critical line) and C (outside the critical line). In the SIE
model, the relative distances of the images B1, B4, C1 and
C4 cannot be fit to the observed ones, and the best configu-
ration the algorithm is able to find is the one where B1 is off
while the other three images are in the right position. This
happens because B1 is the least luminous of these images,
therefore a mismatch in the reconstruction least penalises
the likelihood of the model. For lower values of the slope t,
the radial distance between images B1 and B4 increases, and
the model agrees more closely with the observation (Fig. 4).
5.2 Consistency with theoretical expectations
Cosmological N -body simulations containing only dark mat-
ter have long found that dark matter halos have a universal
average profile close to NFW (Navarro et al. 1997, 2004).
This profile asymptotically goes as ρ(r) ∝ r−1 for small
radii. Figure 9 shows a plot of the slope of the projected
surface density for this profile as a function of radius, in
units of the scale radius rs. The range of values we get in
the analyses of Sect. 4.2 and 4.3 for the slope at the Ein-
stein radius is marked in the plot. From this we see that
the data is consistent with an NFW profile if RE <∼ 0.09rs.
Given that the physical size of RE is ∼ 29.4 kpc, the pre-
vious constraint translates into a lower limit on the scale
radius, rs >∼ 0.33 Mpc for the assumed cosmology.
In order to estimate the scale radius of this object, and
verify if the previous constraint is satisfied, we need an esti-
mate of M200. The mass estimated from lensing analysis is
in this case not appropriate, because it refers only to the
most internal part of the halo. Instead, we can estimate
M200 from the stellar mass of the lensing galaxy. Spiniello
Figure 9. The projected logarithmic slope for a NFW profile as
a function of radius divided be the scale radius. The blue region
marks the range of values from the lens models. The dotted line
marks the value expected for an SIS.
et al. (2011) derived a stellar mass using spectroscopic data
from the X-Shooter Lens Survey and dynamical modeling.
They find that the stellar mass within the Einstein radius
is 10% - 20% of the total mass within this radius, which is
5.0×1011 M to M∗ ∼ 1.0×1012 M depending on the kine-
matic model. As already mentioned in Section 4.3, in their
model, the Einstein radius is ∼2.5 times the effective radius
of the galaxy, which for a Hernquist constant mass-to-light
model means an additional ∼ 28.5% of the mass lies outside
the Einstein radius. The stellar mass can be matched to the
halo’s M200 by comparison with cosmological simulations.
Moster et al. (2010) compared the luminosity function of
observed galaxies to the halo mass function of dark-matter
only N -body simulations to find such a relation. Using their
relation, a stellar mass M∗ ∼ 1.0 × 1012 M implies an
unrealistically large halo mass M200 ∼ 1016 M, although
this is beyond the mass range over which their relation is
valid. A stellar mass M∗ ∼ 5.0 × 1011 M corresponds to
M200 ' 5.3 × 1014 M, which is more reasonable, but still
quite large.
However, more recent work with hydrodynamic cos-
mological simulations predicts a higher stellar mass frac-
tion in this mass range. The EAGLE simulations predict
M∗ ∼ 0.015M200 (Schaller et al. 2015), which gives a
much more reasonable range of M200 ' 4.5 × 1013 M to
9.1× 1013 M for Spiniello et al. (2011)’s dynamical stellar
mass estimates. The size r200 is then in the range between
0.6 Mpc and 0.8 Mpc which implies a ratio RE/r200 between
0.04 and 0.05. Using the constraint rs >∼ 0.33 Mpc derived
from Fig. 9 gives concentrations of c ≡ r200/rs ' 1.9 to 2.4
(log10(c) ' 0.29 − 0.39) or smaller, more concentrated for
higher M200.
The theoretical predictions for the average concentra-
tion of a halo of this mass range from log10(c) = 0.69 to 0.79
(Zhao et al. 2009; Mun˜oz-Cuartas et al. 2011; Giocoli et al.
2012; Ludlow et al. 2016) and thus the lens’ halo appears
to have a low concentration. However, the predicted scatter
in the concentration is significant (rms in log10(c) ∼ 0.13
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according to Giocoli et al. (2012)) and ”relaxed” halos at
this mass scale with concentrations as low as log10(c) ∼ 0.3
are seen in the simulations (and even lower concentration
non-relaxed halos) (Ludlow et al. 2016). There may be some
tension with theory here, but we do not consider it to be
a significant inconsistency given the modeling uncertainties
and the sample size of one.
The EAGLE simulations also predict that baryons will
not significantly shift the slope of the mass profile at
r/r200 ∼ 0.03 from the NFW prediction for this halo mass
scale. The observed galaxy field surrounding the lens sug-
gests a small group with ∼26 smaller members (Belokurov
et al. 2007). This is consistent with the expected halo occu-
pation distribution (HOD) for a halo of this size (Kravtsov
et al. 2004).
In summary, the slope we find for the mass profile at
the Einstein radius is not inconsistent with the predictions
of a ΛCDM cosmology.
5.3 Comparison with previous results
In Table 3 we compare our results with the ones derived
by previous analyses. We have to consider that previous re-
sults were obtained with different data, methodologies, and
mass models. Our analysis is the first one in which a de-
tailed model was applied to the high-quality images from
HST observations.
In particular, Dye et al. (2008) analysed an i-band ob-
servation taken with the Isaac Newton Telescope (INT) in
La Palma using a semi-linear inversion technique (Warren
& Dye 2003). This ground-based observation did not high-
light all the features of the arcs visible in the HST image.
However, the source and image reconstructions they show
resemble a low-resolution version of our Figs. 5 and 6, which
contain only two source components, the one we label 1 and
the other a combination of 2, 3 and 4. In contrast with our
results, Dye et al. (2008) find a very nearly isothermal slope
for the lens (t = 0.95).
Subsequently, Spiniello et al. (2011) and Agnello et al.
(2013) used the constraint from Dye et al. (2008) on the mass
within the Einstein radius, and added stellar kinematics of
the host galaxy to estimate the mass distribution at smaller
radii. Even if Spiniello et al. (2011) formally used a gener-
alised NFW model, they fixed the scale radius to 50 kpc,
which is ∼2RE , so we can compare the internal slope they
get to our value for t. Both works agree with this one in
getting a flatter-than-isothermal slope, even if the value is
significantly different. We underline that their analysis in-
cluded kinematics data, while our results is derived from
lensing only.
The analysis by Jones et al. (2013) is one of two works
that, to our knowledge, analyse HST data. They used the
Lenstool program (Jullo et al. 2007), which – in contrast to
our full-image approach – takes only the positions of mul-
tiply imaged background sources as constraints. The lens
model they employed is a double pseudo-isothermal ellipti-
cal mass distribution (Kassiola & Kovner 1993), the slope
of which changes at two radii rcore and rcut, thus making it
hard to compare their results to ours. Nevertheless, the fact
that they get a perfect circularly symmetric lens is in con-
trast with our results, as well as with other analyses. This
may be due to the different technique for lens reconstruc-
tion, which does not take all the information present in the
image into account.
Kostrzewa-Rutkowska et al. (2014) used a methodology
similar to ours and, perhaps unsurprisingly, their results are
in good agreement with ours, if we consider the same model
for source and lens. This happens even though they used a
lower-resolution image of the object, taken from SDSS data.
This supports our idea that the most simple version of our
model (SIE+γ, 1 Se´rsic) would be enough to model avail-
able ground-based data, where the distinctive features of the
different multiple images are not resolved. The reconstruc-
tion of space-based images requires a finer treatment of the
source, and while this is demanding in terms of computing
time and efficiency of the algorithm, it gives a greater insight
into the structure of the lens, as we showed in the previous
sections.
Finally, Newman et al. (2015) applied a parametric
modelling technique to HST multi-band data. We quote in
Table 3 their results from lensing only, although their work
includes an analysis of kinematic data as well, which sup-
ports their estimate of the lens slope. Their results appear to
be in partial agreement with ours, as they get a flatter-than-
isothermal slope. We note, however, that their constraint on
the slope is derived with a single Se´rsic source component,
so its origin is likely to be fundamentally different from the
one we presented in Section 4.2, which depends on the multi-
component nature of the source model.
5.4 Group satellites and substructures
In the analysis we presented, we did not explicitly consider
the presence of structures other than the main halo, and
we modelled all possible contributions of objects along the
line of sight only as an external shear. Since the discovery,
the Cosmic Horseshoe has been described as embedded in a
group of galaxies, which is coherent with the large image sep-
aration (∼ 10′′) and with the mass estimate (4.5× 1013 M
to 9.1 × 1013 M) we derived in Section 5.2. At the same
time, it has been noted that the image structure shows no
sign of distortions due to other galaxies, because the shape
is exceptionally circular (Belokurov et al. 2007; Dye et al.
2008). For this reason, all the works in the literature do not
model individually any other object apart from the main
galaxy. The only exception is Jones et al. (2013), although
it does not state whether the inclusion of additional galax-
ies has any effect on the main lens parameters. The quality
of the reconstruction which we obtained with a single halo,
shown in Figure 1, is an additional indication that the con-
tribution from other halos is negligible at the level of our
reconstruction.
Nevertheless, the small mismatch between images
shown in Section 4.2 could in principle be solved by ad-
ditional components on the lens plane, instead of a differ-
ent lens slope. We investigated this possibility, but unfor-
tunately there is no visible sign of the presence of a sub-
structure close enough to the B1 image. We tried anyway
to reduce the mismatch between the SIE reconstruction and
the image by adding new lens components in the locations
of the few visible objects close to the main galaxy, but we
did not get any improvement. There remains the possibil-
ity of trying to directly identify dark objects from the image
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Table 3. Lens parameters derived by our results and by previous published analyses.
work lens source data b [arcsec] t q P.A. [◦] γ1 γ2
Dye et al. (2008) SIE+γ — INT 4.98 1.00 0.81 49.8 0.016 0.004
Dye et al. (2008) EPL+γ — INT 5.08 0.95 0.83 50.8 0.019 0.005
Spiniello et al. (2011) gNFW+γ — INT + kinematics — 0.72 — — — —
Agnello et al. (2013) EPL+γ — INT + kinematics — 0.76 — — — —
Jones et al. (2013) dPIE — HST — — 1.00 134 — —
Kostrzewa-Rutkowska et al. (2014) SIE+γ 1 Se´rsic HST 5.08 1.00 0.89 40.0 0.019 −0.010
Newman et al. (2015) EPL+γ 1 Se´rsic HST 5.08 0.66 0.90 37.1 0.004 −0.022
this work SIE+γ 1 Se´rsic HST 5.13 1.00 0.87 40.5 0.020 −0.021
this work SIE+γ 5 Se´rsic HST 5.13 1.00 0.83 23.4 0.054 −0.019
this work EPL+γ 5 Se´rsic HST 5.16 0.08 0.89 24.4 0.038 0.038
configuration following the approach of Vegetti et al. (2010),
but this is outside the scope of this paper.
6 CONCLUSIONS
The degeneracy between source size and density slope of
the mass distribution is well-known, and it is common to
use other observables such as the velocity dispersion of the
galaxy stars to measure the mass enclosed in different radii,
and thus build a mass profile (see e.g. Treu & Koopmans
2002; Barnabe` & Koopmans 2007; Spiniello et al. 2011; Son-
nenfeld et al. 2013). However, it has been pointed out that
it is possible to break this degeneracy from lensing observa-
tions only, making use of extended images (Dye et al. 2008;
Suyu et al. 2010; Suyu 2012; Eichner et al. 2012).
The Horseshoe lens is exceptional in that the complex-
ity of the source is well resolved in the available data. This
has allowed us to attempt this measurement with our flexible
and efficient lens reconstruction code Lensed. The results
are two-fold. We do get a constraint on the density slope, but
we also noticed that in a real-world situation, where source
and lens are not expected to precisely follow any simple as-
sumptions, overcoming the degeneracy is very challenging.
Great caution must be taken to understand if the constraint
is really due to the data or perhaps comes from some sys-
tematics between the model and the algorithm.
We investigated the origin of our constraint and re-
vealed the image details that drove the algorithm towards
a flatter-than-isothermal slope. We studied with an analyti-
cal approximation both the aforementioned degeneracy and
how it is broken by using the relative distance between sub-
components of the source in the different arcs. We also ver-
ified that the slope values we get at the Einstein radius are
compatible with a NFW profile, if RE ∼ 0.1rs, which is
realistic given the mass estimate of the object.
We finally note that this uncertainty on the slope of
the mass distribution may pose fundamental problems to
many studies which use galaxy strong lenses as lensing tele-
scopes to investigate the properties of high-redshift sources.
On the other hand, if one one can put a motivated prior
on the source size from external arguments, this reduces the
uncertainty on the lens, as shown by Birrer et al. (2015).
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